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The magnetohydrostatic boundary value problem is investigated for the case where the mag-
netic field is tangential on an toroidal surface without symmetry. The first part deals wit small 
deviations from the homogeneous field. If the surface deviation from a cylinder with arbitrary 
cross-section is small of order e, it is found that in first order a solution exists if two profile func-
tions are properly prescribed. The solubility condition in the (n + l)-th order determines the free-
dom of the n-th order. In the second part general toroidal geometry is considered for the case of a 
smooth pressure profile. The longitudinal current is determined so that the rotational transform 
vanishes. 

Introduction 

A magnetohydrostatic equilibrium is described by 
the equations 

div B = 0 , | 
j x B - V p = 0 , (1) 

j = curl B, J 

where p is the hydrostatic pressure, B the magnetic 
field, and j the current density. Although, the sys-
tem (1) of partial differential equations has been 
known for a long time, it is still controversial what 
additional specifications for system (1) will con-
stitute a well-posed problem. This is because the 
system has a mathematically interesting property: 
it is of the mixed type, i.e. it possesses two real and 
two complex characteristics. It could perhaps be 
stated that the real characteristics belong to the 
"hyperbolic part" of the system, and the complex 
ones to the "elliptic part". 

The system (1) was first considered for the case 
of axisymmetry independently by Liist and Schlüter 
[1], Grad and Rubin [2], and Shafranov [3] with the 
result that the system could be reduced to a second-
order elliptic equation for which two so-called "pro-
file functions" can be prescribed. For this case the 
boundary value problem that B be tangential on an 
axisymmetric toroidal surface is well posed and 
a solution exists under certain conditions on the 
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profile functions. The boundary value problem is 
also well posed for helical symmetry [4], [5]. So, it 
might be conjectured that even without any sym-
metries the boundary value problem that B be 
tangential on a toroidal surface is well posed if, in 
addition, two profile functions are prescribed. This, 
however, is controversial for the following reason. 
If one uses the so-called "/^-iteration", which has 
already been discussed in [6], one is immediately 
confronted with the question whether a vacuum 
field which is tangential on a non-symmetric toroidal 
surface possesses so-called "magnetic surfaces". 
This, however, is not a trivial question. Indeed, if 
the field lines of non-symmetric solutions of (1) are 
followed around the torus, usually so-called 
"islands" occur (see, for instance, [7]). So, it was 
concluded in [5] that, in general, smooth solutions 
of the system (1) do not exist. On the other hand, 
if the equilibrium has reflexional symmetry with 
respect to a poloidal plane, then a solution exists 
[8]. This is noteworthy because in this case the 
"hyperbolic part" and the "elliptic part" of the 
equations do not separate. 

Nearly Symmetric Geometry 

In the following, for a simple geometry the bound-
ary value problem without any symmetry is in-
vestigated. Consider a cylinder with its axis in the 
direction e and arbitrary cross-section G in the x, y 
plane. The homogeneous field 

B0 = Be, B = const, jo = 0 
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is a solution of (1) with plane symmetry (which can 
be considered as a special case of helical symmetry). 
Let the perturbed boundary be periodic in z and the 
perturbation of the unperturbed boundary dG of G 
be of order s. Let n be the boundary normal of the 
perturbed domain and n the normal of dG. Then 
the expansion of the boundary and of the fields in 
the form 

B = B0+eB1 + e2B2 + " - , 

V = epi + £2V2 H 

leads to the result that the condition n • B = 0 
on the perturbed boundary is equivalent to prescrib-
ing n • B on the unperturbed boundary dG with 

n -Bx = 0 on dG. (2) 

Here, the superscript o denotes the z-average. 
In order that the straight geometry be equivalent 

to a torus ("topological torus"), all physical quan-
tities have to be periodic in z with, say, period 2jt. 
Let the Fourier expansion be written in the form 

k k k 
Bn=^Bn, jn = ^ jn 5 Vn = 2 Pn ' 

k k k 

where the superscript k denotes the £-th Fourier 
component, which has the property 

(t) . , (*) 
e • V ••• = ik'" 

In the n-th order Eq. (1) are 

jn X Bo- Vpn = Jn-1, div Bn = 0 , (3) 
jn = curl Bn , n = 1 ,2 ,3 , . . . , 

Jn-1 = -Bl xjn-l + B2 X jn—2 H b 
+ ••• + Bn-i x ji, 

n = 2 ,3 ,4 , . . . , 

Jo = 0 . 

k k 
If the Cartesian components of Bn and Jn are 

k 
Jn = 

/ * 
/ In 

k 

Jn 

\ i K n 

then the system (3) is of the form 

S * 0 * * 
-T- fn + — 9n + khn = 0, 
ox dy 

k g k \ Q k k 
— B I kfn + — K — — Vn = In-1, 

dx dx (4) 
/ k a t \ g i k 

— B\kgn - f __Ä» —Vn = Jn-1, 
\ dy ) dy 

k k 
— kvn = Kn-1, n= 1,2,3 

For the solution of (4) two cases have to be dis-
tinguished : 
1) & = 0, 2) fc =j= 0. 
1) k = 0. In this case the system is only solvable 

if the inhomogeneous terms satisfy the condi-
tions 

0 
e • Jn = o, 

o 
e • curl Jn = 0, n= 1 ,2 ,3 , . . . . (5) 

If the conditions (5) are satisfied, the solution is 
0 

Bn = hne — iex Vun, 
o 
jn = — e X Vh„. — ieAun, 
o 

Vn= - Fn-i-Bhn, n= 1 ,2 ,3 , . . . , 

where 
o 
Jn = VFn, Fn(x, y), » = 0 , 1 , 2 , 3 , . . . , 

F0 = 0 

is a particular solution of (5). The functions hn (x, y), 
un (x, y) are determined by the higher-order solubil-
ity conditions. 
2) k 4= 0: In this case the solution is 

Vn = 

k 
Kn-1 

/ 1 0 i 1 1,7 In r — hn + - k ln-l. 
k dx k2B dx 

1 dKn-1 

n = 1,2,3,.... 

k 1 9 * 
gn — hn + 

kdy k2B dy 

n= 1 ,2 ,3 , . . . , 

k 
kJn-1 (22) 
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where the function hn (x, y) has a given normal 
derivative on dG and satisfies 

k 1 
Ahn = — 

B 

n = 1,2,3, 
\ 0x2 aW 

k 
dln-1 

k 
d Jn-i 

dx dy 

(7) 

In vector notation (7) is of the form 

ABn-e = 
kB 

k k 
(e • V div Jn-i — Ae • Jn-i), 

while (6) can be expressed in the form 

jn = — curl Jn-i, n= 1, 2, 3 , . . . . (8) 

With these preparations one is able to discuss 
k 

explicitly the lower orders. Because of 7*1 = 0 for 
k =j= 0 it is found that 

Ji = B1Xji 

(Vit) Au — iee- (Vhi X Vw) , 

U = VL\ . 

This yields the second order solubility conditions 
e • (VA-i x V « ) = 0, 
e • (Vw X Vzltt) = 0 , 

which can be satisfied by choosing 
h1 = H{u), Au = U'(u). (9) 

Because of (2) the boundary condition for (9) is 
u = const on dG. H(u) and U'(u) are the two pro-
file functions which can be prescribed. If the func-
tion U'(u) and the boundary dG are chosen properly, 
then (9) together with the boundary condition u = 
const on öö represents a well-posed problem and 
a solution exists (see, for instance, [9]). Thus, it is 
found that 

o 
Bi = H e — i e X Vm , 
yi = — e X VH — ieAu 

and 
k k 0 

Jl = B l X j l ( 1 0 ) 
k k k 

= B1-eVH — e{Bi> V#) + iex BxAu, 

k k k 
curl /1 = - (VH) X V(Bi -e) + ex V(Bi • V#) 

k k 
+ kB1Au + ieB1-VAu, (11) 

F^IW-U. 

Deriving the third-order solubility conditions is 
more tedious and will be done in the Appendix. The 
result is 

0 = e-j2=-i(ex Vit) 
H' . 

(12) 

H'u2-h2+~ ^ i e - ( B i X B i ) 

0 = e • curl J2 = (e X Vw) 

• V\AU2- U"U2 + — 2 
i B k* 0 

k —k JJ" —k k 
H'B1-B1-—e-(B1xB1) 

(13) 

2 k 

Equations (12), (13) determine the functions u% {x,y), 
hz(x, y). Since these equations contain the operator 
(e X Vm) • V, which differentiates along the closed 
lines u = const, and since , are single-valued, 
it is important to note that the operator also acts 
on the inhomogeneous terms in the equations. So, 
(12), (13) can be integrated by setting the expression 
in brackets of (12) and the expression in braces of 
(13) equal to zero: 

~ k 
H'U2 — h2 + Y e 2 j - ( B i x B i ) = 0,(14) 

AU2 — U"u2 

1 
+ 0 

k -k 
Bi • Bi -

jj" —k k 
— e-(B1xB1) 

(15) 

= 0 . 

Equation (15) together with the condition that u2 

be given on the boundary dG represents a well-
posed linear, inhomogeneous, elliptic problem which 
has a solution if — £ / "< A, where A is the lowest 
eigenvalue of the problem Au% -f = 0, u2 = 0 on 
dG. After u2 has been determined from (15), h2 is 
given algebraically by (14). 

In higher order the same structure is found: all 
0 0 

terms of e • Jn, e • curl Jn contain the operator 
(e x Vu) • V. Thus, un and hn can be determined as 
single-valued functions. If the profile functions U', 
H are analytical, then the solution exists in all 



D. Lortz • The Magnetohydrostatic Boundary Value Problem 895 

orders. However, the convergence of the series is 
still an open question. 

More far-reaching statements can be made for the 
vacuum case U' = H = 0. In this case the problem 
reduces to the question whether magnetic surfaces 
exist if the boundary value problem is solved. It 
will be shown in a forthcoming paper that these 
surfaces indeed exist. 

Vanishing ratational transform 

If the configuration has reflexional symmetry 
with respect to a poloidal plane such that B is 
normal and j is tangential on the plane of sym-
metry, then the rotational transform vanishes. If, 
in addition, B is tangential on a toroidal surface 
with the respective symmetry then the so-called 
"/^-iteration" can be applied [8] to construct a solu-
tion. The question thus arises whether it is possible 
to find an iteration which keeps the rotational trans-
form identically zero, even if the reflexional sym-
metry is disturbed. 

Let dT be a smooth toroidal surface without any 
symmetry. Let xp(r) = const, x( r ) = const be the 
closed field lines of a field Bn which nowhere van-
ishes inside the toroid and which is tangential on 
9T. The well-known representation 

Bn = V W x V Z (16) 
implies that 

div Bn = 0 . 
The functions ip(r), %(r) are well-suited to serve as 
poloidal coordinates. In addition, a toroidal coordi-
nate function a(r) is chosen which increases mono-
tonically along the field lines of Bn with total in-
crease 1. Furthermore, let the functional deter-
minant 

D = (Vy> X • V<r 

be everywhere positive. 
In order to construct a new field Bn+1, the equa-

tion 
jn+1 XBn = Wpn (17) 

is solved algebraically to yield 

jn+i = yBn+J, y(y>,x)> 

where 

(18) 

By, = B„ 

Ba = BT 

The function y is determined from the solenoidal 
property of J 

0 = di V J= Bn'Vy + div B~2 Bn x Vpn. (19) 
If the coordinates xp, x are chosen such that pn(if), 
then by introducing the covariant components by 

Bn = By,Vip + BxVx + £<7 Vor, 

0 r R R • 8 r —— , By, = Un —— , 
9 xp ox 
9 r 

it is found that 
div B~2 Bn x Vpn = Vn div B~2 Bn x Vy 

-VnD\zx Bl 9a Bl 

Because of B» • V = Dd/da Eq. (19) acquires the 
form 

9 Ba 9 B) 
9or ^ n \ 9^ Bl 9a B? 

= 0. (20) 

Equation (20) is solvable if and only if [10] 

der, 

which means that the surfaces of constant pn must 
coincide with the surfaces where the quantity 

q = Bn " Ba = Bn " Bn • 

= $ B ^ B n - A r = § B t 

9 r 
da 

- l d I 

= J---da, J = yBn + B~2Bnx Vpn, y = 0. 
o 

is constant. 
From the current density (18) a new field 

b = B + B* 

is determined, where the fields B, B* satisfy the 
equations 

curl B = J, 
div B = 0, 
n-B = o on 9T, 

j B • Ar = 0; 

curl B* = y Bn , 
div B* = 0, 
n - B* = o on 9T, 

| B* • dr = / . 

(21) 

(22) 
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The line integrals in (21), (22) are taken along a 
curve ip = const, % = const on dT. Thus, I is the 
total current flowing on the main axis of the toroid. 
According to Kress [11] Eqs. (21), (22) represent 
wellposed elliptical problems and a solution exists 
if the r.h. sides satisfy certain smoothness condi-
tions. 

In general, the field b will have a rotational trans-
form. First, it will be shown that it is possible to 
choose the function y {xp, %) such that the flux 

cp = jjb-d2f 

through a ribbon bounded by any two lines of Bn 

vanishes. Since the surface elements on the surfaces 
xp = const, x — const are 

d*f = D-iVipdxda, 

d 2 f = D ' 1 d^ d(7, 

respectively, the flux cp can be expressed by the 
contra variant components of b, which are defined 
by 

0 r b = bv 
dip 

, dr _ 0 r 
b* + b° 

So1 

bv=b-Vip, b*=b-X'x, bff = b-Vo. 

In terms of these one has 

b* 
D 

dip da + by 
~D 

d/dor, 
Vo 0 Xo 0 

where xpo, xo = const are field lines on 0T. The 
introduction of a function JT(ip, x) by 

_ 0 r 
y B n = \rxVx ^ dip 

allows integration of the first of Eqs. (22) in the 
form 

B* = r v * + V IF, 

where W has to be determined by the rest of (22): 

div(rVx) + ZlIF = 0, 
n • VJF = — jTn • on dT, (23) 
W(<j = 1) - W{a = 0) = I. 

The condition for the vanishing of the flux cp now is 

+ D-1 & = 0 
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because if 

(24) 

dcpjdxp = D^b* = 0, 

then cp is a function of x alone. However, such a 
function must be zero because cp vanishes on dT. 
Equations (23), (24) can be solved iteratively by 
the scheme 

rm => Wm [from (23)] => rm+1 [from (24)]. 

After this procedure has converged the conditions 
I F n x = D-ibv = 0 (25) 

are satisfied, i.e. cp vanishes. 
Next, the field line equations for the vector field b 

are considered: 
dr/da = b/ba 

or, with xp, x as dependent variables, 
dip by d y 
--*- = .—-, - = — . (26) 
der ba do* ba 

The initial conditions for (26) are 

y(Vo> Xo, 0) = tpo, / (yo , Xo, 0) = xo-

Although the flux condition cp = 0 is satisfied, the 
solutions of (26), in general, have a rotational trans-
form. However, this rotational transform is of order 
e2, where 

e = max | b — Bn | , 
r 

as was shown in, for instance, [12]. Thus, the dis-
placements 

dip = xp{xp0, xo, 1) — yo, 

h = X^o, Xo, i) — Xo 

are also of order e2. The new flux functions 

y>' = xp{xpQ, XOj a) — adxp{xp0, Xo), 

X' = X(V>o, Xo, o) — odX{xpo, xo) 

are then periodic in a, and the new field 

Bn+1 = Vip'x VX', (27) 
with 

V'> X'(V>o{r), Xo(r)> o{r)), 
has closed field lines. The new field (27) is also 
tangential on dT as is seen by the following argu-
ment. One can chose a gauge such that xp = const 
on dT. Then, because b is tangential on dT, dxp = 0 
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on 6T. So, xp' = const on 8T. So, Bn+1 is tangen-
tial on 8 T. 

The question of convergence of the scheme has 
not been discussed. However, the procedure is sim-
ilar to the symmetric case discussed in [8], where 
convergence can be shown. The main difference to 
the present case is the introduction of flux func-
tions xp, and the question is whether this is really 
necessary. 

Configurations without rotational transform still 
deserve further consideration because it is con-
jectured that these configurations do not show any 

resistive instabilities. So it might be that if these 
configurations are ideally stable, then they are also 
stable with respect to resistive modes. 
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Appendix 

The formulae 
0 o 

B2 = h2e — ie X Vit2 , 7*2 = — e x Vh2 — i e Au2 , 
o o 

B i = He — ie X Vu, ji = — e x V # — ieAu, 

j 2 = - j B C U A J l = = kB 
[ - ( V # ) x V ( B r e ) + e x V ( B r V # ) + kBxAu + ie(Bx • VAu)], k 4= 0 

are used to compute 
o k —k k —k 0 0 0 0 k -k 
J2 = 2 B 1 X h + b2 x JI = 1*2 X71 + Bl X72 + X72 

k k-t=0 
= h2e X ( — e x \H — ieAu) — i(e X Vm2) X (— e X V / / — ieAu) + He X (—e X VÄ2 — ieAu2) 

— i(e X Vm) X (—ex V/*2 — ieAu2) - f 2 — X curl Ji 
k*0 kB 

= h2\H — (Vu2)Au — ie(VHxVu2)-e-\-HVh2 — ie(Vh2xVu) e — (Vu)Au2 
. fa fc 

+ ~ I T { - B I X [ ( V Ä ) X V ( B I - « ) ] 
B k*o k 
k -k k -k k -k 

+ Bl X [e X V (Bl • VH)] - kB±x BxAu + iBxx e (Bx • VJw)} ^ ^ fc fc "Je fc 

= V&2H — U'Vu2- (\u)Au2 + ^~ 2 -r{-(^H)Bi- V (B i - e ) + V[(B1-e)(B1> V#)] 
B k* 0 k 

jc j, r ' i k k 
-i(exVu)-V(H'u2-h2) + — ^ -B1-V(B1-VH) 

B k* 0 k 
+ iB1Xe(B1-VU')} + e 

In the last expression the first two lines represent the poloidal part, and the last line the toroidal 
o 

part of J2. The last sum can be written in the alternative form 
j fa •—ft ^ fc fe 

2 - B l • V ( B i • V H ) = - (e x VH) • V j - figi = ~ (e X V « ) • V # ' 2 — hdi 
A; 4= 0 k* 0 ifc*0 k 

= - i ( e x V W ) - V H ' 2 i e . ( B i X B i ) , 
* k*0 k 

( A l ) 
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where the first of (4) has been used. The toroidal part of J2 is thus 
_ -jfc k 

e • J2 = — i{e X Vu) • V ' 

and for the toroidal part of curl J2 it is found that 
-k 

H'u2-h2 +E- 2 -f-(BiX Bi) 
k*o « 

AU2 - U " U 2 + H ' — 2 — B i • V ( B i • e ) e • curl J2 = (e X VM) • V 

Here, the first sum yields 

2 Bi • V (Bi • e) = — i 2 Bi • B^ , 

where (6) have been used. Since the last sum in (A3) is similar to (Al), the result is 

(A2) 

(A3) 
77" \ k -k 

+ — 2 - B 1 . V ( B 1 - V % ) . 
B k± 0 * 

e • curl J2 = (eX Vtt) • V | — + — 2 
B k* 0 

k —k jj" —k k 
# ' B 1 . B 1 - _ _ e - ( B i X Bi) 

2ifc 

Equations (A2) and (A4) are (12) and (13) of the main text. 
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